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 .We investigate the boundary value problem BVP resulting from an exact
reduction of the Navier]Stokes equations for radial stagnation flow impinging on a
porous cylinder with uniform transpiration. Existence of a solution is proven for all
values of the Reynolds number and for both suction and blowing. The results are
obtained using a topological shooting argument which varies a parameter related
to the axial shear stress. This formulation permits a derivation of useful bounds
on the axial shear stress in a straightforward manner. For a certain parameter
range, uniqueness results are also obtained. Q 2000 Academic Press
1. INTRODUCTION
In recent years there has been considerable interest in the problem of
w xradial stagnation flow, the solution of which was first reported by Wang 8 .
w xUnlike the classical two-dimensional Hiemenz 5 and three-dimensional
w xHomann 6 stagnation point flows which describe the motion of fluids
impinging normally onto a flat plate or disk, respectively, radial stagnation
flow consists of a radially inward directed stream impinging normally onto
a cylinder to form a stagnation circle as depicted in Fig. 1. While Hiemenz
and Homann stagnation point flows represent self-similar reductions of
the Navier]Stokes equations, radial stagnation flow does not. This is due
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FIG. 1. Schematic diagram of radial stagnation flow impinging on a circular cylinder of
radius a with uniform transpiration U through the cylinder wall.0
to the inherent curvature effect that cannot be scaled out of the problem
w x8 . It is also noted that radial stagnation flow may be considered as a
particular limit of a generalized class of Couette]Poiseuille flows with
w xboundary mass transfer 7 . Several extensions of the radial stagnation flow
w xproblem have been reported that take into account heat transfer 2 , steady
w x w xaxial translation of the cylinder 3 , unsteady flow 4 , and wall transpira-
w xtion 1 . In the present paper we study the existence and uniqueness of
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solutions of this latter extension of radial stagnation flow with superim-
posed suction and blowing at the cylinder wall. The similarity reduction of
the Navier]Stokes equation for this problem leads to the boundary value
w xproblem 1
2
h f - q f 0 q R 1 y f 9 q ff 0 s 0, 1 - h - ‘ 1 .  .
subject to
f 1 s S, 2a .  .
f 9 1 s 0, 2b .  .
f 9 ‘ s 1, 2c .  .
where R ) 0 and y‘ - S - ‘. Here the Reynolds number R and the
dimensionless wall transpiration rate S are defined by
ka2 U0
R s , S s
2n ka
in which k is the strain rate of the oncoming radial flow, a is the cylinder
radius, n is the kinematic viscosity of the fluid, and U is the radially0
inward wall transpiration velocity as depicted in Fig. 1. With this notation,
S ) 0 corresponds to wall suction and S - 0 corresponds to wall blowing.
2. EXISTENCE
To investigate the existence of a solution to this BVP we will study a
 .related initial value problem, namely Eq. 1 subject to boundary condi-
 .  .tions 2a and 2b along with
f 0 1 s a , 3 .  .
where a is a free parameter proportional to the axial stress on the
 .cylinder. We will denote the solution of the IVP by f h; a . Occasionally
the dependence on a will be dropped for notational convenience. By
standard theory for initial value problems this IVP will have a unique
solution at least locally. Using a topological shooting argument we will
 .show that a can be chosen so that f 9 h; a exists for all h ) 1 and also
 .satisfies 2c , giving a solution to the BVP. Toward this end consider the
two sets,
 4A s a ) 0 N f 0 s 0 strictly before f 9 s 1
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and
 4B s a ) 0 N f 9 s 1 strictly before f 0 s 0 .
The next two lemmas will show that these sets are non-empty and open.
LEMMA 1. The set A is non-empty and open.
Proof. First note that
f - 1 s y R q a RS q 1 . 4 .  .  .
 .If a s 0 then f - 1 s yR - 0 and therefore we initially have f 9 - 0 and
w xf 0 - 0, on 1, 1 q « for some « ) 0. By continuity of the solutions of the
initial value problem in its initial conditions, for a ) 0 sufficiently small,
 .  .  . w xf 9 h; a will stay close to f 9 h; 0 , i.e., will satisfy f 9 h; a - 1 on 1, 1 q «
 .  .with f 9 1 q « ; a - 0. But f 9 h; a is positive and increasing for h just
greater than 1, so for f 9 to become negative, it must have a maximum.
 .  .Thus there exists a first h such that f 0 h ; a s 0 with f 9 h; a - 1 on0 0
w x1, h . Thus for a ) 0 sufficiently small we have a g A. To show that A is0
open, let a g A. We will show that all a sufficiently close to a are in A.
 .  .  .At h a we have 0 - f 9 - 1 and f 0 s 0. Evaluating 1 at h a implies0 0
that
2f - h s R f 9 y 1 rh .  .0 0
which is strictly less than 0. Thus, by continuity of the solution of the IVP
 .in its initial conditions, for a sufficiently close to a , f 0 h; a will also
 .  .  .have a root, h a , near h a with f 9 h ; a - 1. Thus a g A. This0 0 0
leaves only the case that f 9 s 1 and f 0 s 0 simultaneously; however,
 .substituting this information into Eq. 1 gives f - s 0 implying that
 .f 9 h ’ 1 for all h, contradicting the basic existence and uniqueness
theorem for initial value problems.
LEMMA 2. The set B is non-empty and open.
 .Proof. An integration of Eq. 1 results in
h 2
h f 0 s a q R f 9 t y 1 y f t f 0 t dt. 5 .  .  .  . .H
1
We will show that there are values of a ) 0, namely a large, such that f 9
w xwill equal 1 in the interval 1, 2 , say, strictly before f 0 s 0. Suppose that
 . wthis assertion is false. First suppose that f 0 h G 0 and 0 - f 9 - 1 on 1,
x w x2 . Since 0 - f 9 - 1, on integration we have f - S q h y 1 on 1, 2 . Using
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 .these bounds in 5 results in
h h h
w xh f 0 GayR dtqR 1 y S f 0 t dtyR tf 0 t dt , h g 1, 2 . .  .  .H H H
1 1 1
6 .
 .Integration of 6 , again using the bound on f , gives
a R 1 y S f 9 h .  . w xf 0 h G y 3R q , h g 1, 2 7 .  .
2 h
and there are two cases to consider depending on the value of S. If S F 1
ignore the last non-negative term to obtain
a
w xf 0 h G y 3R , h g 1, 2 .
2
w x  .and choose a ) 6R q 2 so that f 0 ) 1 on 1, 2 and therefore f 9 2 ) 1
w xcontradicting the assumption that f 9 - 1 on 1, 2 . If S ) 1 then using
 .0 - f 9 - 1 in 7 we obtain
a
w xf 0 h G y 2 R y RS, h g 1, 2 .
2
and choosing a ) 4R q 2 RS q 2 results in the desired contradiction. This
leaves only the case that f 0 s 0 and f 9 s 1 simultaneously, but as in
Lemma 1, this implies that f 9 ’ 1, supplying the contradiction. Thus B is
non-empty. Note also that since we cannot have f 0 s 0 when f 9 s 1 we
must have f 0 ) 0 when f 9 s 1 and an argument similar to that of Lemma
1 shows that B is open.
Thus the sets A and B are non-empty, disjoint, and open, but the
 .  .interval 0, ‘ is connected and thus A j B / 0, ‘ . Therefore, there
exists some a* such that a* f A and a* f B. As previously observed, we
cannot have f 9 s 1 and f 0 s 0 simultaneously; thus the only other possi-
 .  .bility is f 9 h; a* - 1 and f 0 h; a* ) 0 for all h ) 1.
 .  .Thus f 9 ‘; a* s C exists where 0 - C F 1 and f 0 ‘ s 0. We now
show that we must have C s 1. We begin with the supposition 0 - C - 1.
Then since f 9 is eventually bounded above 0, f will eventually be positive
 .  .if S ) 0, then f is always positive and thus the term ff 0 in 1 is
 .eventually positive. Letting h “ ‘ in 1 and using the fact that f 0 ) 0, we
have
lim h f - h s yK s R C 2 y 1 y lim f 0 h y lim f h f 0 h .  .  .  .  .
h“‘ h“‘ h“‘
F R C 2 y 1 - 0. .
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Thus there exists an h ) 1 such that for h ) h we haveÄ Ä
3K K
y - h f - h - y . .
2 2
Dividing by h and integrating implies that
K K
f 0 h - a* y ln h q ln h .  .  .Ä
2 2
and letting h “ ‘ implies that f 0 “ y‘ contradicting the fact that
 .f 0 ) 0. Thus we must have f 9 ‘, a* s 1 establishing:
THEOREM 1. For any R ) 0 and y‘ - S - ‘ there exists a solution to
 .  .the boundary ¤alue problem 1 ] 2 .
3. UNIQUENESS
In this section we prove the following:
THEOREM 2. If R ) 0 and S ) y1rR then there exists a unique solution
 .  .  .to the BVP 1 ] 2 satisfying f 9 h ) 0.
Before proving this theorem, we present some properties of the solution
 .to the BVP. From the proof of Theorem 1 we have that 0 - f 9 h; a* - 1
 .  .and f 0 h; a* ) 0 for all h ) 1. If in addition S G 0, then f h; a* ) 0
 .  .since f 9 ) 0 and f - h; a* - 0 for all h ) 1. This last is true for if
 .f - s 0 then Eq. 1 implies
2f 0 q R 1 y f 9 q ff 0 s 0. .
But the bounds on f , f 9, and f 0 imply that the left side of this equation is
 .strictly positive, giving a contradiction, thus f - h; a* - 0.
Proof of Theorem 2. Consider the function ¤ s › fr›a . Differentiating
 .Eq. 1 with respect to a gives
w xh¤ - q ¤ 0 q R ¤f 0 q f¤ 0 y 2 f 9¤ 9 s 0 8 .
subject to
¤ 1 s ¤ 9 1 s 0, ¤ 0 1 s 1, ¤ - 1 s y RS q 1 . 9 .  .  .  .  .  .
Thus for h just greater than 1 we have ¤ 9 positive and increasing.
 .We now show that if S G 0, ¤ 9 h; a* cannot have a positive maximum.
Suppose such a first such maximum exists; then at such a point we have
PAULLET AND WEIDMAN252
 .¤ ) 0, ¤ 9 ) 0, ¤ 0 s 0, and ¤ - F 0. Substituting this information into 8
yields
w xh¤ - s R 2 f 9¤ 9 y ¤f 0 F 0. 10 .
Consider the function
g h s 2 f 9¤ 9 y ¤f 0 . .
 .  .  .For this function we have g 1 s g 9 1 s 0 and g 0 1 s 3a . Thus for h
just greater than 1, g is positive and increasing. Next we show that g
cannot have a maximum, for if g 9 s 0 this gives
0 s g 9 s 2 f 9¤ 0 q f 0 ¤ y ¤f -,
 .where all three terms on the far right are positive recall f - - 0 ; thus g 9
cannot equal 0 and g is always positive. Finally, this gives ¤ - s Rgrh ) 0
 .contradicting 10 and we see that ¤ 9 cannot have a maximum and
therefore ¤ 9 s › f 9r›a ) 0.
 .  .Now suppose that there are two solutions f 9 h; a* and f 9 h; a** with
a** ) a*. By the Mean Value Theorem we have
› f 9
f 9 h ; a** y f 9 h ; a* s a** y a* .  .  . /›a asaÃ
s ¤ 9 h ; a a** y a* , 11 .  .  .Ã
where a* - a - a**. Now, ¤ 9 cannot have a maximum and so is boundedÃ
 .away from 0 for h large. Thus as h “ ‘ in 11 we obtain
0 s 1 y 1 s f 9 h ; a** y f 9 h ; a* s ¤ 9 h ; a a** y a* ) M ) 0 .  .  .  .Ã
which is a contradiction. Thus for R ) 0 and S G 0 there can be only one
 .  .  .solution with the properties f h; a* ) 0, 0 - f 9 h; a* - 1, f 0 h; a* )
 .0, and f - h; a* - 0 for all h ) 1.
 .Next consider y1rR - S - 0. In this case we have 0 - f 9 h; a* - 1
 .and f 0 h; a* ) 0 as before from Theorem 1. In addition we have
 .  .  .  .f h; a* G f 0; a* s S ) y1rR again since f 9 ) 0 and f - h; a* ) 0.
 .This last is true, for if f - s 0, Eq. 1 can be rearranged to read
f 0 1 q Rf q R 1 y f 92 s 0 12 .  . .
 .and since 0 - f 9 - 1 and f ) y1rR, the left hand side to 12 is strictly
positive giving a contradiction. The rest of the uniqueness proof for
y1rR - S - 0 goes through the same as for S G 0.
 .In fact, there can be no other solutions satisfying f 9 h ) 0, for such a
solution must rise above 1 and from the differential equation we see that
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f 9 cannot have a maximum above 1, and therefore this function cannot
 .satisfy f 9 ‘ s 1. Note that we have not eliminated the possibility of
solutions f 9 that become negative.
4. BOUNDS ON THE AXIAL SHEAR STRESS
Physically there is interest in the axial shear stress which is directly
 .proportional to f 0 1; a* s a*. In this section we derive bounds on a*
for the various values of the parameters. In the proof of Lemma 2 the
following bounds were obtained,
a* - 2 RS q 4R q 2 S ) 1 13a .  .
and
a* - 6R q 2 S F 1 . 13b .  .
 .A more useful bound can be derived for S - y1rR. In this case, f - 1; a
 .) 0 if a ) yRr RS q 1 . For f to satisfy the boundary condition
 .  .f 9 ‘; a s 1 there must be a first point h such that f - h s 0 with1 1
 .   .f 00 h F 0. If not, then f 0 ) a for all h ) 1 implying that f 9 ‘ s ‘,1
.  .not 1 as desired . Differentiating Eq. 1 to obtain an equation for f 00 and
evaluating at h results in1
h f 00 h s Rf 9 h f 0 h ) 0 .  .  .1 1 1 1
 .giving a contradiction. Thus if S - y1rR and a ) yRr RS q 1 then
 .f h; a cannot be a solution to the BVP and we have
yR
a* F S - y1rR . 13c .  .
RS q 1
 .We exhibit these three bounds given by Eq. 13 graphically in Fig. 2.
5. CONCLUSION
In this note we have considered the BVP arising from radial stagnation
flow impinging on a rotating cylinder with uniform transpiration. Existence
of a solution is obtained for all relevant values of the Reynolds number R
and transpiration parameter S. This is achieved by using a topological
 .shooting argument. As the shooting parameter f 0 1 s a is directly pro-
portional to the physically important axial shear stress, the analysis pre-
sented here results directly in useful bounds on the axial shear stress as
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FIG. 2. Bounds on the axial shear stress parameter a* as a function of S.
presented in Section 4. Finally, for a certain parameter range, uniqueness
results are also obtained.
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